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Abstrat
As a diret soure of information on hiral symmetry breaking within
QCD, the sigma ommutator is of onsiderable importane. With reent
advanes in the alulation of hadron masses within full QCD it is of
interest to see whether the sigma ommutator an be alulated diretly
from the dependene of the nuleon mass on the input quark mass. We
show that provided the orret hiral behaviour of QCD is respeted in
the extrapolation to realisti quark masses one an indeed obtain a fairly
reliable determination of the sigma ommutator using present lattie data.
Within two-avour, dynamial-fermion QCD the value obtained lies in the
range 45 to 55 MeV.
In the quest to understand hadron struture within QCD, small violations
of fundamental symmetries play a vital role. The sigma ommutator, σN :
σN =
1
3
〈N | [Qi5, [Qi5,H]] |N〉 (1)
(with Qi5 the two-avour (i=1, 2, 3) axial harge) is an extremely important
example. Beause Qi5 ommutes with the QCD Hamiltonian in the hiral SU(2)
limit, the eet of the double ommutator is to pik out the light quark mass
term from H:
σN = 〈N |
(
muu¯u+mdd¯d
)
|N〉 (2)
Negleting the very small eet of the u−d mass dierene we an write Eq. (2)
in the form
σN = 〈N | m¯
(
u¯u+ d¯d
)
|N〉 (3)
= m¯
∂MN
∂m¯
(4)
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with m¯ = (mu +md)/2. Equation (4) follows from the Feynman-Hellman the-
orem [3℄.
While there is no diret experimental measurement of σN , the value inferred
from world data has been 45 ± 8 MeV [4℄ for some time. Reently there has
been onsiderable interest in this value beause of progress in the determination
of the pion-nuleon sattering lengths [5, 6℄ and new phase shift analyses [7, 8℄.
For an exellent summary of the soures of the proposed variations and the
disagreements between various investigators we refer to the exellent review of
Knekt [9℄. For our purposes the experimental value is of limited interest as
the full lattie QCD alulations upon whih our work is based involve only two
ative avours. Nevertheless, as a guide, the urrent work suggests that the
best value of σN may be between 8 and 26 MeV larger than the value quoted
above [9℄.
Numerous alulations of σN have been made within QCD motivated models
[10℄ and there has been onsiderable work within the framework of hiral pertur-
bation theory [11℄. However, diret alulations of σN within QCD itself have
proven to be diult. Early attempts [12℄ to extrat σN from the quark mass
dependene of the nuleon mass in quenhed QCD (using Eq.(4) ) produed
values in the range 15 to 25 MeV. Attention subsequently turned to determin-
ing σN by alulating the salar matrix element of the nuleon 〈N |u¯u+ d¯d|N〉.
There it was disovered that the sea quark loops make a dominant ontribution
to σN [14, 15℄. These works, based on quenhed QCD simulation, found values
in the 40 to 60 MeV range, whih are more ompatible with the experimental
values quoted earlier.
On the other hand, the most reent estimate of σN , and the only one based
on a two-avour, dynamial-fermion lattie QCD alulation, omes from the
SESAM ollaboration. They obtain a value of 18 ± 5 MeV [13℄, through a
diret alulation of the salar matrix element 〈N |u¯u+ d¯d|N〉. The disrepany
from the quenhed results of Refs. [14, 15℄ is not so muh an unquenhing
eet in the salar matrix element but rather a signiant suppression of the
quark mass in going from quenhed to full QCD. The diulty in all approahes
whih evaluate 〈N |u¯u+ d¯d|N〉 is that neither it nor m¯ is renormalization group
invariant. One must reonstrut the sale invariant result from the produt of
the sale dependent matrix element and the sale dependent quark masses. The
latter are extremely diult to determine preisely and are the hief soure of
unertainty in this approah.
An additional diulty in extrating σN from lattie studies is the need to
extrapolate from quite large pion masses, typially above 500 or 600 MeV. An
important innovation adopted by Dong et al., but not by the SESAM ollabo-
ration, was to extrapolate the omputed values of 〈N |u¯u+ d¯d|N〉 using a form
motivated by hiral symmetry, namely a+ bm¯
1
2
. On the other hand, the value
of b used was not onstrained by hiral symmetry and higher order terms of the
hiral expansion were not onsidered. Furthermore, sine the work was based
on a quenhed alulation, the hiral behaviour impliit in the lattie results
involves inorret hiral oeients [16℄.
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Our work is motivated by reent, dramati improvements in omputing
power whih, together with the development of improved ations [17℄, mean
that we now have aurate alulations of the mass of the nuleon within full
QCD (for two avours) as a funtion of m¯ down to mpi ∼ 500 MeV. (Sine m
2
pi
is proportional to m¯ over the range studied we hoose to display all results as
a funtion of m2pi.) In addition, CP-PACS has reently published a result at
mpi ∼ 300 MeV , albeit with somewhat large errors. Provided that one has
ontrol over the extrapolation of this lattie data to the physial pion mass,
mpi ≡ µ = 140 MeV, one an alulate σN by evaluating Eq. (4) at the physial
pion mass. Note that this approah has the important advantage over the al-
ulation of the salar density that one only needs to work with renormalization
group invariant quantities. We therefore turn to a onsideration of the method
of extrapolation.
The lattie data for the nuleon mass alulated by UKQCD [1℄ and CP-
PACS [2℄ is shown in Fig. 1. Both groups ite a 10% unertainty in setting the
lattie sale, so we have saled the former down and the latter up by 5% so that
the data sets are onsistent. Over almost the entire range of m2pi, the data shows
a dependene on quark mass that is essentially linear. However, the preliminary
point at m2pi ∼ 0.1 GeV
2
suggests some urvature in the low mass region. This is
indeed expeted on the basis of hiral symmetry with the leading non-analyti
(LNA) orretion (in terms of m¯) being proportional to m3pi (m¯
3/2
):
δMLNAN = γ
LNAm3pi , γ
LNA =
−3g2A
32pif2pi
. (5)
These observations led the CP-PACS group to extrapolate their data with the
simple, phenomenologial form:
MN = α˜+ β˜m
2
pi + γ˜m
3
pi . (6)
The orresponding t to the ombined data set, using Eq. (6), is shown as the
short-dashed urve in Fig. 1 and the parameters (α˜, β˜, γ˜) = (0.912, 1.69,−0.761)
(the units are appropriate powers of GeV). This yields a value for the sigma om-
mutator, σ
(p)
N = 29.7MeV, where the supersript stands for phenomenologial.
The diulty with this purely phenomenologial analysis was disussed in
Ref. [18℄. That is, the value of γ˜ = −0.761 is almost an order of magnitude
smaller than the model independent LNA term, γLNA = −5.60 GeV−2. Clearly
this presents some onern when evaluating σN , beause of the derivative re-
quired. An alternative approah to this problem was reently suggested by
Leinweber et al. [18℄. They realised that the pion loop diagrams, Fig. 2(a) and
2(b) not only yield the most important non-analyti struture in the expression
for the nuleon mass, but amongst all the possible meson baryon states whih
ontribute to the nuleon mass within QCD, they alone give rise to a signiant
variation of the nuleon mass as mpi → 0. In Ref. [18℄ it was suggested that one
should extrapolate MN as a funtion of quark mass using:
MN = α+ βm
2
pi + σNN (mpi,Λ) + σN∆(mpi,Λ) , (7)
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Figure 1: Nuleon mass alulated by CP-PACS (solid points) and UKQCD
(open points), as a funtion ofm2pi, both are saled by 5% to improve onsisteny.
The solid urve is a t to Eq. (7) with a 1.225 GeV dipole form fator, while the
dashed urve is the same t using a sharp ut-o form fator (θ-funtion). The
short-dash urve is a t to Eq. (6), and the long-dash urve is a t to Eq. (7)
exluding the lowest data point. The vertial line indiates the physial pion
mass.
where σNN and σN∆ are the self-energy ontributions of Figs. 2(a) and 2(b),
respetively, using a sharp ut-o in momentum, θ(Λ − k). The full analytial
expressions for σNN and σN∆ are given in Ref. [18℄. For our purposes it suf-
es that they have preisely the orret LNA and next-to-leading non-analyti
behaviour required by hiral perturbation theory as mpi → 0. In addition, σN∆
ontains the orret, square root branh point (∼ [m2pi − (M∆−MN )
2]
3
2
) at the
∆ − N threshold, whih is essential for extrapolations from above the ∆ − N
threshold.
Fitting Eq. (7) to the data, inluding the point near 0.1 GeV
2
, gives the dot-
dash urve in Fig. 1 ((α, β,Λ) = (1.42, 0.564, 0.661)). The orresponding value
of σN is 54.6 MeV and the physial nuleon mass is 870 MeV. Omitting the
lowest data point from the t yields the long-dash urve in Fig. 1 ((α, β,Λ) =
(1.76, 0.386, 0.789)) with σN = 65.8 MeV. Clearly the urvature assoiated with
the hiral orretions at low quark mass is extremely important in the evaluation
of σN .
In order to estimate the error in the extrated value of σN we would need to
have the full data set on a onguration by onguration basis. As this is not
4
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Figure 2: One-loop pion indued self energy of the nuleon.
Saling σN
CP-PACS UKQCD Dipole Sharp Cubi
5 -5 47.2± 1.8 54.6± 2.0 29.7
10 0 48.1± 1.9 54.9± 2.0 28.6
0 -10 45.4± 1.9 54.3± 1.9 31.0
Table 1: Sigma Commutator Values. The Dipole and Sharp results were
alulated with our preferred form of α + βm2pi + σNN (Λ,mpi) + σN∆(Λ,mpi)
with either a dipole form fator for the Npi vertex or a θ-funtion. The values
of dipole parameter (ΛD) were (1.225, 1.250, 1.175) GeV. The Cubi results are
for the α + βm2pi + γm
3
pi extrapolation funtion, with γ unonstrained by hiral
symmetry  as explained in the text this produes an unreliable value for σN .
available, the errors that we quote are naive estimates only. The extrated value
of σN is very well determined by the present data, the result being 54.6 ± 2.0
MeV. Sine the proess of setting the physial mass sale via the string tension
is thought to have a systemati error of 10%, one might naively expet this to
apply to σN . However, all masses in the problem inluding the pion (or quark)
mass, as well as that of the nuleon, sale with the lattie parameter a. It turns
out that when one uses Eq. (4) at the physial pion mass (whih means a slightly
dierent value of m¯a if a hanges), the value of σN is extremely stable. If, for
example, one raises the CP-PACS data by 15% and the UKQCD data by 5%
(instead of 5% and −5%, respetively) the value of σN shifts from 54.6± 2.0 to
55.2 ± 2.1 MeV. We present alulations in Table 1 that show, for a variety of
salings of the lattie data, how stable our results are.
The remaining issue, for the present data, is the model dependene assoiated
with the hoie of a sharp ut-o in the pioni self-energies. Our investigations
in Ref. [18℄ showed that Eq. (7) ould reprodue the dependene of MN on m
2
pi
within the loudy bag model, and that it ould also desribe the dependene of
pion self-energy terms alulated with dipole form fators. Thus we believe that
any model satisfying the essential hiral onstraints and tting the lattie data
should give essentially the same answer. We heked this by numerially tting
the lattie data (solid urve) with the form of Eq. (7) but with σNN and σN∆
alulated with dipole form fators of mass ΛD at all pion-baryon verties. Sine
the preferred phenomenologial form of the Npi form fator is a dipole, we regard
the dipole result shown in the rst line of Table 1 as our best estimate, namely
σN = 47.2 ± 1.8 MeV with t parameters (α, β,ΛD) = (2.02, 0.398, 1.225). A
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remaining soure of error is that, although the lattie results were alulated
with an improved ation, there still is an error assoiated with the extrapolation
to the innite volume, ontinuum limit. The importane of the inlusion of the
orret hiral behaviour is learly seen by the fat that it inreases the value
of the sigma ommutator from the 30 MeV of the unonstrained ubi t to
around 50 MeV.
Clearly an enormous amount of work remains to be done before we will fully
understand the struture of the nuleon within QCD. It is vital that the rapid
progress on improved ations and faster omputers ontinue and that we have
three avour alulations within full QCD at masses as lose as possible to the
physial quark masses. Nevertheless, it is a remarkable result that the present
lattie data for dynamial-fermion, two-avour QCD, yields suh a stable and
aurate answer for the sigma ommutator, an answer whih is already within
the range of the experimental values. The impliations of this result for models
of hadron struture need to be explored urgently.
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